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Let *G* be a simple undirected graph with *n* vertices and *m* edges. The distance between two vertices $\documentclass[12pt]{minimal}
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The distance energy is analogous to the ordinary energy of a graph *G*, which is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda_{1} \geq\lambda_{2} \geq\cdots\geq\lambda_{n}$\end{document}$ are ordinary eigenvalues of *G* obtained from its adjacency matrix. The studies on the graph energy can be seen in papers \[[@CR5], [@CR6]\]. For a detailed survey on applications to the graph energy, see \[[@CR2]--[@CR4], [@CR7]\]. For the ordinary energy, the best known bounds are the Koolen and Moulton upper bound \[[@CR9], [@CR10]\] and the McClelland lower bound \[[@CR12]\].

For a connected graph *G*, the Koolen and Moulton upper bound \[[@CR13]\] for the distance energy in terms of *W*, *M*, and *n* is $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${M= \sum_{i< j}^{n}d_{ij}^{2} }$\end{document}$.

In this paper, we show that the upper bound ([1.1](#Equ1){ref-type=""}) can be modified to a better bound for all classes of graphs with $\documentclass[12pt]{minimal}
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The McClelland bounds \[[@CR13]\] for the distance energy of a graph, which is true for any connected graph *G*, is $$\documentclass[12pt]{minimal}
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                \begin{document}$$ {\sqrt{2M + n(n-1) \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{2}{n}}} \leq\mathcal{E}_{D}(G) \leq \sqrt{2Mn}}. $$\end{document}$$ The lower bound obtained in this paper is better than that of McClelland. For more studies on the distance energy, we refer to \[[@CR1], [@CR8], [@CR14]\].

We use the following two lemmas, which follow from the properties of distance eigenvalues.

Lemma 1.1 {#FPar1}
---------
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The main results {#Sec2}
================
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Upper bound for the distance energy of a graph {#Sec3}
==============================================

Theorem 3.1 {#FPar7}
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                \begin{document} $$\begin{aligned} & {f_{x} = 1 - \frac{x(n-2)}{\sqrt{(n-2)(2M-x^{2}-y^{2})}}}, \qquad {f_{y} = 1 - \frac{y(n-2)}{\sqrt{(n-2)(2M-x^{2}-y^{2})}}}, \\ & {f_{xx} = - \frac{\sqrt{(n-2)}(2M - y^{2})}{(2M - x^{2}- y^{2})^{\frac {3}{2}}}}, \qquad{f_{yy} = - \frac{\sqrt{(n-2)}(2M - x^{2})}{(2M - x^{2}- y^{2})^{\frac{3}{2}}}}\quad \mbox{and} \\ &{f_{xy} = - \frac{\sqrt{(n-2)}(xy)}{(2M - x^{2}- y^{2})^{\frac{3}{2}}}}. \end{aligned}$$ \end{document}$$
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Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f (|\mu_{1}|,|\mu_{n}| ) \leq f (\frac{2W}{n}, \sqrt{\frac {2W}{n}} )\leq f (\sqrt{\frac{2M}{n}}, \sqrt{\frac{2M}{n}} )$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Rightarrow\quad {\mathcal{E}_{D}(G) \leq\frac{2W}{n} +\sqrt{ \frac {2W}{n}} + \sqrt{(n-2) \biggl(2m -\frac{2W}{n} - \frac{4W^{2}}{n^{2}} \biggr)} \leq\sqrt{2Mn}}. $$\end{document}$$
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Now we show that the above bound is an improvement of the Koolen--Moulton bound. Take $\documentclass[12pt]{minimal}
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Lower bounds for the distance energy of a graph {#Sec4}
===============================================

Theorem 4.1 {#FPar9}
-----------

*If* *G* *is a nonsingular graph*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{E}_{D}(G) \geq n |\operatorname{det}A|^{\frac{1}{n}}$\end{document}$. *The equality holds iff* *G* *is* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac {n}{2}K_{2}$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n=2m$\end{document}$.

Proof {#FPar10}
-----
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Applying the Cauchy--Schwarz inequality for *n* terms $\documentclass[12pt]{minimal}
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Theorem 4.2 {#FPar11}
-----------
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*The equality holds if* *G* *is isomorphic to* $\documentclass[12pt]{minimal}
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Proof {#FPar12}
-----

Using the Cauchy--Schwarz inequality for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &{\sum_{i=2}^{n}\sqrt{\rho_{i}} \leq\sqrt{ \Biggl(\sum_{i=2}^{n} \rho_{i} \Biggr) (n-1)}}, \\ &{\sum_{i=2}^{n}\sqrt{\rho_{i}} \leq\sqrt{ \bigl(\mathcal{E}_{D}(G) - \rho _{1} \bigr) (n-1)}}, \\ &{\sqrt{\mathcal{E}_{D}(G) - \rho_{1}} \geq \frac{\sum_{i=2}^{n}\sqrt{\rho _{i}}}{\sqrt{n-1}} }. \end{aligned}$$ \end{document}$$
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Theorem 4.3 {#FPar13}
-----------

*Let* *G* *be a graph with* *m* *edges and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\ (>3)$\end{document}$ *vertices*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W \geq n$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} {\mathcal{E}_{D}(G) \geq \biggl(\frac{W}{n} \biggr) + \biggl(\frac{2W}{n} \biggr) + \frac{(n-2) \vert \operatorname{det}(A) \vert ^{\frac{1}{(n-2)}}}{ ( (\frac{W}{n} ) (\frac{2W}{n} ) )^{\frac{1}{(n-2)}}}}. \end{aligned}$$ \end{document}$$

Proof {#FPar14}
-----
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Since the arithmetic mean is greater than or equal to the geometric mean, we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &{\sqrt{\mathcal{E}_{D}(G) - \rho_{1} - \rho_{n}} \geq\frac{(n-2) (\sqrt {\rho_{2}\rho_{3}\ldots\rho_{n-1}} )^{\frac{1}{(n-2)}}}{\sqrt{(n-2)}}}, \\ &\mathcal{E}_{D}(G) \geq\rho_{1} + \rho_{n} + (n-2) \biggl(\frac{ \vert \operatorname{det}(A) \vert }{\rho _{1}\rho_{n}} \biggr)^{\frac{1}{(n-2)}}. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} & {f_{y} = 1 - \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{1}{n-2}} x (xy)^{\frac{-(n-1)}{n-2}}}, \\ &{f_{xx} = \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{1}{n-2}} \biggl(\frac{n-1}{n-2} \biggr) y^{2} (xy)^{\frac{-(2n-3)}{n-2}}}, \\ & {f_{yy} = \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{1}{n-2}} \biggl(\frac{n-1}{n-2} \biggr) x^{2} (xy)^{\frac{-(2n-3)}{n-2}}}\quad \mbox{and} \\ &{f_{xy} = \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{1}{n-2}} \frac{(xy)^{\frac{-(n-1)}{n-2}}}{n-2}}. \end{aligned}$$ \end{document}$$
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For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W \geq n$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)$\end{document}$ increases in the intervals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\operatorname{det}(A)|^{\frac{1}{n}} \leq\frac{2W}{n} \leq x \leq\sqrt{2M}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 \leq y \leq|\operatorname{det}(A)|^{\frac{1}{n}} \leq\frac{W}{n} \leq\frac {2W}{n}\leq\sqrt{2M}$\end{document}$, that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(x,y)$\end{document}$ increases in the intervals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\operatorname{det}(A)|^{\frac{1}{n}} \leq\frac{2W}{n} \leq\rho_{1} \leq\sqrt{2M}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 \leq\rho_{n} \leq|\operatorname{det}(A)|^{\frac{1}{n}} \leq\frac{W}{n} \leq \sqrt{2M}$\end{document}$. At $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho_{n} = \frac{W}{n}$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f (\rho_{1},\rho_{n} ) \geq f \biggl(\frac{2W}{n}, \frac{W}{n} \biggr)\geq f \biggl(\frac{2W}{n}, \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{1}{n}} \biggr)\geq f \bigl( \bigl\vert \operatorname{det}(A) \bigr\vert ^{\frac{1}{n}}, \bigl\vert \operatorname{det} (A) \bigr\vert ^{\frac{1}{n}} \bigr). $$\end{document}$$ Therefore $\documentclass[12pt]{minimal}
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Brief summary and conclusion {#Sec5}
============================

In this paper, we established lower and upper bounds for the distance energy of a graph. Across the globe, attempts are being made by researchers to improve these bounds. The lower and upper bounds obtained in this paper improve the McClelland and Koolen--Moulton bounds for the distance energy of a graph.
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